Boundary integration of polynomials over an arbitrary linear hexahedron in Euclidean three-dimensional space by Rathod, H.T. & Hiremath, S.V.
JsJg . __ __ l!!iB 
EL.SEvlER Comput. Methods Appl. Mech. Engrg. 161 (1998) 155-193 
Computer methods 
in applied 
mechanics and 
engineering 
Boundary integration of polynomials over an arbitrary linear 
hexahedron in Euclidean three-dimensional space 
H.T. Rathod”,“, S.V. Hiremathb 
“Department of Mathematics, Central College Campus, Bangalore University, Bangalore-560001, India 
‘Department of Mathematics, Kalpataru Institute of Technology, Tiptur-572202, India 
Received 17 September 1996; revised 15 March 1997; accepted 28 August 1997 
This paper is concerned with explicit integration formulas and algorithms for computing volume integrals of trivariate polynomials over 
an arbitrary linear hexahedron in Euclidean three-dimensional space. Three different approaches are discussed. The first algorithm is 
obtained by transforming a volume integral into a sum of surface integrals and then into convenient and computationally efficient line 
integrals. The second algorithm is obtained by transforming a volume integral into a sum of surface integrals over the boundary 
quadrilaterals. The third algorithm is obtained by transforming a volume integral into a sum of surface integrals over the triangulation of 
boundary. These algorithms and finite integration formulas are then followed by an application example, for which we have explained the 
detailed computational scheme. The symbolic finite integration formulas presented in this paper may lead to efficient and easy incorporation 
of integral properties of arbitrary linear polyhedra required in the engineering design process. 0 1998 Elsevier Science S.A. All rights 
reserved. 
0. Nomenclature 
x”ya(h +lx + my)‘+’ dx dy 
= surface integration over a plane polygon in the XY-plane 
II “-tl’T II:: have a similar meaning 
h, 1, m 
h’, E’, m’ arbitrary constants 
h”, l”, mrr 
(Y. /3, y Positive integers (including zero) 
x"y'(h + lx + my)‘+’ dx dy 
T$ = a triangle in the XY-plane with vertices (xi, Yi), (x;, yj> and (x,, Yk) 
II;{;, II;% have similar meanings 
A”,‘k = area of the triangle with vertices (xi. yi>, Cc,, Y,) and (xk, Yk) 
A?‘$, Ayk have similar meanings 
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4Y - III, - 
Yk 
XYZ 
a P Y+lk”.fidy 
uk 
= surface integral over Tijk 
T,, = a linear triangle in Euclidean three-dimensional space with vertices (xi, yi, z,), (x,, yj, zj) and (x,, ykr z,) 
IS = unit normal vector along z-axis 
(n,, i = 1,2,3,4)-outward unit normal to triangles T,,,, TdJ2, T4,3 and Td2,, respectively. 
fijjk is either 1, 0, - 1 and it depends on the normal of linear Ti,k 
= volume integral of trivariate monomial xayPzY over a linear three polyhedron in Euclidean three- 
dimensional space 
II XYz s 
u ’ Y+‘i * h ds = surface integral over the projected area s in the g-plane, 
= 2 III;;; 
r,,Gr 
S = is a surface of R3 decomposable in a set T of triangles uch that any pair of triangles Tjjk and TirJrks do not 
intersect. 
xayp(h + lx + my)‘+’ dx dy 
= surface integration over a plane polygon in the xy plane. 
I12P+I.r, II;+“PJ have a similar meaning and h, 1, 172 are arbitrary constants, (Y, p, y are positive integers 
(including zero) 
QTr k I = linear quadrilateral spanned by point ((xPyPz,,), p = i, j, k, 1) in the xy plane % . 3 
Tr,T,j,k = a linear triangle in the xy plane with vertices at ((x,, y,), a = i, j, k) 
= linear triangle obtained from a linear quadrilateral Q:{,,,, by letting (xi, yi) = (x,, yr) 
x”yPzy dr dy dz 
= volume integral of trivariate monomial xayPzY over a linear hexahedron 
H 1,2,3 ,_,,, 8 = an arbitrary linear hexahedron with vertices at (x,, ynz,,) A = 1,2,3, . . . ,8 
xnyPzY du 
= volume integral of tetrahedron T, 
T, = tetrahedron with vertices at ((x,y,z,), p = i, j, k, 1) 
1. Introduction 
Volume centre of mass, moment of inertia and other geometric properties of rigid homogeneous solids arise 
very frequently in a large number of engineering applications uch as CAD/CAE/CAM, geometric modelling, 
as well as in a variety of scientific disciplines and robotics. Integration formulas for multiple integrals have 
always been of great interest in computer applications [l]. Computation of mass properties of both plane and 
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space objects is discussed by Wesley [2] and Mortenson [3]. A good overview of various methods for evaluating 
volume (triple) integrals in this context is given by Lee and Requicha [4]. Lee and Requicha [4] observe that 
most computational studies in multiple integration deal with problems where the integration domain is a very 
simple solid, such as a cube or sphere and the integrating function is very complicated, conversely, in most 
engineering application, the opposite is the usual problem. In such problems, the integration domain may have a 
non-convex shape and the function inside the integral sign is a trivariate polynomial. Timmer and Stem [5] 
discussed a theoretical approach to the evaluation of volume integrals by transforming the volume integral to a 
surface integral over the boundary of the integration domain. Lien and Kajiya [6] presented an outline of a 
closed form formula for volume integration for a linear tetrahedron and suggested that volume integration over a 
linear polyhedron can be obtained by disjoint decomposition of several tetrahedra. Cattani and Paoluzzi [7,8] 
have obtained finite integration formulas for integrals of monomials over plane polygons and space polyhedra 
via Gauss’s Divergence theorems (in two dimension Green’s Theorem). Bemardini [9] has further generalized 
these integration methods to integrals of polynomials over n-dimensional polyhedra. In recent works, Rathod 
and Govinda Rao [ 10,111, Rathod and Hiremath [ 151 addressed these problems, and derived explicit integration 
formulas which are more convenient and efficient than earlier studies [7,8]. Integration of a triple product 
[lO,ll], viz. ~~y~(h+Lr+My)~+’ (a, /?, y positive integers, zero h, I, m arbitrary constants), an expression in 
bivariates X, y, plays a very important role in the computation of volume integrals of the trivariate monomial 
x~~‘z~ over the domain of a linear polyhedron in Euclidean three-dimensional space. The integral of this 
bivariate expression x*y’(h + Lr + My)“’ over a linear polygon in the q-plane is computed by use of Green’s 
theorem (see [lo]) which reduces the area integral to a sum of line integrals along the boundary line segments. 
Because of the presence of the term (h + LX + My)“’ the area integral of the bivariate expression xayp(h + 
L&X + My)y+’ generates a sum (= ( y + 1) + y + * * *+2+1=(~+2)=(~+1)/2) (y+2)(y+1)/2) line 
integrals on application of the Green’s theorem along each line segment of the linear plane polygon [lo]. In this 
paper, we have found a means of overcoming this complication and in Lemma 1, it is shown that the same 
computation can be done only once for each line segment of the linear plane polygon. 
We have also proposed two more lemmas (Lemmas 1 and 2) which are useful in evaluating integrals of the 
above-mentioned bivariate expression over a linear quadrilateral and a linear triangle. These lemmas use the 
well-known isoparametric coordinate transformations used in the finite element method [ 12,131. We have then 
proposed three different algorithms based on these lemmas (Lemmas 1, 2 and 3) for computing volume integrals 
of trivariate monomial ~~~~~~ (a, p, y positive integer including zero) over an arbitrary linear hexahedron in 
three-dimensional space. Integration over a simple trivariate polynomial function 
(where (Y, p, y positive integer including zero) can be obtained by linearity property of integrals. We have also 
proposed theorems (Theorems l-5) which gradually develop the numerical scheme to compute volume integrals 
in terms of line integrals and surface integrals (over quadrilaterals and triangles) by use of Lemmas l-3. In 
Theorem 6, we express the volume integral over a linear arbitrary hexahedron as a sum of twelve line integrals 
along the boundary edges. Lemma 4 develops a computational scheme to evaluate each of these line integrals 
which is again an improvement over earlier studies [ 10,111. 
2. Surface integration 
In this section we first establish three preliminary results giving closed form analytical integration formulas 
for surface integration over a plane polygon in the xy-plane. Then, we wish to use these closed form finite 
integration formulas in computing volume integral of polynomials over a linear arbitrary hexahedron. 
Let 7r be a simple polygon in the xy-plane. We want to evaluate the following structure product 
x”yP(h + lx + my)‘+’ dx dy (1) 
where 1, m, h are arbitrary constants and CY, p, y are positive integers (including zeros). 
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LEMMA 1. The structure product II~p’Y+l over a simple polygon with N-oriented edges li,k (k = i + l), 
(i = 1,2,3,. . . , N) each with end points (xi, yi) and (x,, yk) in the xy-plane is expressible as 
u+fi+y+l 
p%Y + 1 = 
77 A;‘,, C n +.IX, =n {“oi(a - n,, n,>Gkoi(P - n2, n2Wdy + 1 - n39 n3)} 1 (24 n=O I 2 3 
where 
a 
Fkoi(a -n,, n,) = 0 n1 x~-“‘x~$ , 
Gkoi(P - n2, n2> = 
P 0 n2 yf-"'y;; 7 
ffk,i(y + 1 - n3y n3) = 
if z. = h = 0 
ifz,=h#O 
Xik = xi - Xk 
Yjk = Yi - Yk 
Zik = Zi - zk 
ZkO = zk - z,, 
2A;‘,, 
A;Y,i= (a+P+P+3), ifz,=h=O 
= 2A;‘,; , 
2Afii = xiyk - xkyi 
if z, = h #O 
PROOF. We have from Eq. (1) (see Fig. 1): 
(2b) 
w9 X 
Fig. 1. A simple polygon in the v-plane with N-oriented edges which expands into N-triangles with respect o the origin. 
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pP’Y+ I d” - 
71 I I x"y'(h + Ix + my)‘+’ dx dy 71 
=ff 
a@(4 Y> 
dX dx dy , where @(x, y) = x”y’(h f Ix + my)‘+’ dw Ti 
= I @Cc Y) dy t i)Tr on using Green’s theorem with az- = boundary of TT 
= 
@k Y) dy 
We shall now show that 
x”y’(h + Ix + my)‘+’ dx dy 
So let us consider the RHS of Eq. (4) 
RHS = i 1 ITi. x”yp(h + lx + my)‘+’ dx dy 
I=1 0, 
N 
Lu 
a@(~, Y) 
= 
I=1 
=,$ (j-;:i a;1 
, where @(x, y) = 
;:> y), 
I 
x”y’(h + Ix + my)yf’ dr 
=(12<, +i,., +j-$(x, yldy 
+(~~,,+i,~~+I,,,)m(,,y)dy+(li~“+~~~+jl~~wx,y)dy 
:c,..~.-r.~,+~~~,,., Wr,y~dy+(jj~+,~~+~~N+jl~,~+,)~~x~y~dy 
N 
= 
cl 
@G, Y) dy . 
i=l l,k 
I$ (5) follows from the fact that 
(xN+,’ yN+,) = (‘,, y,) 
so that we have 
I ‘Rx> y) dy = I Qb(x, Y) dy I 
0, 1o.,v+ I 
and 
I I @(x,y)dy=-, @(x,y)dy (P,q=O,LZ...,N+1) I PY 9P 
(3) 
(4) 
(5) 
(6) 
From Eqs. (5) and (3), we conclude that Eq. (4) is true. 
Now, we wish to obtain a simple finite integration formula for the integral 
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Let us now consider the integral over oriented triangle T$ 
(7) 
The parametric equations of the oriented triangle T$ in the xy-plane with vertices at (x,, Y& (‘jv Yj) and (xi> Y,) 
are 
x = Xk + XjkU + XikV 
Y = Yk ’ YjkU + Yik’ (9) 
(0 Su, v ~ 1, 0 ~ U + V ~ 1, Xjk = Xj - Xk, Xik = X, - Xk) Yjk = yj - yk, yik = yi - yk) 
Using IQ_ ($I), we can map an oriented triangle T$ in the v-plane to an oriented unit triangle Tkji in the 
uv-plane (see Fig. 2, we have for the area element 
> 
dudv 
= cxjkYik - XikYjk) du dv 
= 2A;IIyi du dv 
= (2 X area of triangle T$) du dv 
where we have defined 
2AiTi = ('jkyik -xikYjk) 
we have from Eqs. (8)-(11) 
(10) 
(11) 
I 
If 
l-u 
ZZ$~+ = (243 (Xk + XjkU + XikV)a(yk + YjkU f yikV)‘(zk ’ Z,kU + zik’)‘+’ dU dV (12) 
0 0 
where 
ZP = h + lx, + myP , p = k, j, i 
.q,=zj-z,, z,, = 2, - z k 
(13) 
Mapping Rule : 
I 
ix 
(0,‘) 
_;;; 
L ” 
j < I,o) 
Fig. 2. The mapping between an oriented triangle in the xy-plane and the unit triangle in the uu-plane. 
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Let us further use the transformation in Eq. (12) which maps the unit triangle in uu plane to a unit square in the 
rs-plane as 
u=l-r, v = rs 
(14) I 
Use of Eq. (14) in Eq. (12) leads us to 
II0.Y + 1 
Tij, = (242;) I,’ I,’ ( x, + x,,r + xikrs)“(yj f y,r + yikrs>p(zj + zkjr + zikrs)“+‘r dr ds (15) 
we have defined Z(X, y) = h + lx + my, and hence clearly ~(0, 0) = h = Z,, (say), may be either zero or non-zero. 
Choosing x, = 0 yj = 0, we have ~(0, 0) = zj = h = zO, so that we have from Eq. (15) 
ra+“’ (Xk + Xiks)a(~k + yik~)‘[zO + r(zkn + zik)slY+’ dr ds 
If Z, = h = 0, then Eq. (16) reduces to 
[I”.P.Y + 1 2Afy,i 
TX:, =(a+P+r+3) 0 I’ (xk + xiks)“(Yk + YI,~)‘(Z, + ziks)y+’ dS 
If Z, - h # 0, then Eq. (16) reduces to 
ZZp$:‘+’ = (2AiY,i) o’ (Xk + XikS)a(y, f yikS>’ 
I 
Let us define 
X(S) = (Xk + Xims)a 
Y(s) = (Yk + Yik# 
1 
r+l 
r+l ( > y+'-P c P z” 
p=. a + p + P + 2 (ZkO + z,ks)p 
qs> = (Zk + ziksy+’ , if z, = 0 
f(s) =.A&> 3 if z, = 0 
f(s) =f, (s) 3 if z0 # 0 
and 
&J(s) Ef X(M~)Zo(s) 
def 
using Eqs. (19) and (20) we can write Eqs. (17) and (18) as 
II”f.Y + ’ r,\ = kur 
if z0 # 0 . 
1 
ds 
using Taylor series expansion for a function of single variable, we have from Eq. (20) 
i=O,l 
(16) 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
where 
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Using Eq. (19) on the definition of X(s), Y(s) and Z,(s) (i = 0, l), we obtain 
s=o =p 
0 k n2 
y~-“‘y~; zf Gk,,(p - nz, n2) , 
def 
= Hk,i(Y + 1 - n,, nj>, 
From Eqs. (22) and (23) we can write 
if z. # 0 
Thus, from Eqs. (19) and (22), we obtain 
I 
o’ f(s) ds = 
n+p+y+ I 
c & {Fkoi(a - n,, n,>G,oi(B - n2, n,)ff~,i(y + 1 - 123’ n,)I n=O 
From Eqs. (19)-(26) we obtain the desired result claimed in Eqs. (2a) and (2b). This completes 
Lemma 1. 0 
(23) 
(24) 
(25) 
(26) 
the proof of 
Consider again the integral of Eq. (1) which is already discussed in Lemma 1, i.e. 
pd4Y+l = 
a x"y'(h + lx + m~)~+' dxdy 
Where rr is the simple polygon in the xy-plane, 1, m, h are arbitrary constants and ff, p, y are positive integers 
(including zero). We can think of m as region in R2 decomposable in a set T of triangles such that any pair of 
members of TTk (a triangle in the xy-plane with vertices at (xi, yi), (xj, y,) and (x,, yk) and Tyk do not intersect. 
We can also think of rr as region in R2 decomposable in a set Q of quadrilaterals only or a combination of 
quadrilaterals and triangles such that any pair of member of Qy& (a quadrilateral in the xy-plane with vertices at 
(xi, yi), (xi, yj), (x,, yk) and (x,, yI) and Q”,‘,, do not intersect or any pair of members of Q”,‘,, and Tzl do not 
intersect. Thus, we may write (see Fig. 2) 
if n is decomposed only in a set T of triangle 
c .;g+ t if 7~ is decomposed only in a set Q of quadrilaterals 
QX,YcQ 
x zz;!$+ + zz;ky+l , if r is decomposable in a set Q of quadrilaterals and a single triangle . 
Q$WQ 
(27) 
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In our recent work [ 151, the structure product ZZ~$“+’ has been already considered. We shall now obtain a finite 
integration formula for the structure product H$,” ‘, as we wish to use this integral formula for computation of 
volume integrals of polynomials over an arbitrary linear hexahedron. 
LEMMA 2. A structure product over the area of an oriented linear quadrilateral Q$ in the xy-plane wish 
vertices at ((x,, y,), m = i, j, k, I): 
x~yPzYfl(x, y) dx dy 
where Z(x, y) = Lx + My + h, L, M, h, arbitrary constants can be expressed as 
where 
Z(r, s) = 
(r + 2)(s + 2)Joo + (r + l)(s + 2)J,, + (r + 2)(s + l)J,, 
(r + l)(r -t 2)(s + l)(s + 2) 
@(r, s) = C 2 E(r,, s,)F(r,, QG(r,, s3), 
s , a - r, - s, + t, 
E(r,, s,) = 2 ao,o 
‘I’~ a - r, -s, + t, 
J2 P - rt - s2 + t2 
F(r,, s2) = C b~.~ 
*z=o [p - r2 - s2 + t, 
r1 - t1 Sl -t, t1 
aI.0 a,,, al*l 
- _’ 
p-1 - t1 h ISI - t1 
r2 -t2 82 - t2 t2 
,s3 y + 1 - r3 - sg -I- t, r3 - t, S3 - t, t, 
G(r,, s3) = x co.0 Cl,0 CO,1 Cl 1 -3 
f3=” Iy + 1 - r3 - s3 + t, [r3 - t, 142 IS3 - I, 
OCr, +s,S2a, OSr,, s, =S(u 
0Cr2+s2S2p, OSr,, s2Cp 
OSr,+s,<2(y+l), OSr,, s,s(y+l) 
OGr+s~2(a+/3+~+1) 
a-(~, +s,)+t,>O, r, 2 t, , s, at, 
j3 - (r2 + s2) + t, * 0, r2 2 t, , s2 2 t, 
(y+l)-(r,+s,)+t,?O, r2 a t, , sg 2= t, 
a,, = x, , a01 = Xlj , a10 =x,i 9 a11 = xjj + Xk[ 
boo = Y, 9 bo, =Y/i * b,o =Yji 9 '1, =Y;j +Yk, 
coo = Z, > COi = q; 7 Cl0 = Z,j t Cl1 = Z;j + Zkl 
2, = Lx, + My,,, + h , m = i, j, k, 1 
X =x -x = Inn m n, y Inn y,-y,, m=i, _i,k,l 
z =7, -2 mn m II’ m = i, j, k, 1 m#n, n = i, j, k, 1 
Jo0 = x~;Y,~ - xljy,, = 24; 
(28) 
(29) 
(30) 
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= 2 X area of the triangle with vertices at ((x,, y,), m = i, j, 1) 
Jr0 =xkLYij - XijYk/ 
JoI = ‘IiYjk - ‘jkyil 
PROOF. From Zienkiewicz [12] and Rathod [13], we know that the arbitrary linear quadrilateral with vertices 
at (xm, ym), m = i, j, k, 1) in the xy plane can be mapped to a unit square o S u, u c 1 in the uu-plane by use of 
the isoparametric coordinate transformation (see Fig. 3) 
x = i i UijUiUj =x(u, u) 
i=CJ j=O 
y=iib jjliuj = y(u, u) 
i=O j=O 
z = Lx + My + h = i i CijUiU = z(u, u) 
i=O j=O 
where ((a,, b,, cij, i = 0, l), j = 0, 1) are as defined already in Eq. (30). 
Using the transformations of Eq. (31), we obtain 
xayp(Lx + My + lQy+’ dx dy 
I I 
= II 0 0 x”(u, u)y’(u, u)z’+‘(u, u)(J,,, + J,,u + J,,u) du du 
where Joe, J,,, JoI are defined in Eq. (30). 
Let us now define 
X(2.4, u) = x”(u, u) , Y(4 v) = Y%, u) , Z(u, u) = zy+‘(u, u) 
and 
f(k u) =-Vu, u)W b)Z(4 u) 
Using Eq. (33), we can write 
. 
)x (O,C 
(4 (b) 
(31) 
(32) 
(33) 
Fig. 3. (a) A simple polygon 2 in the v-plane which is decomposable in a set T of triangles; (b) a simple polygon /I in the xy-plane which 
is expressible (decomposable) in a set T of triangles and a set Q of quadrilaterals. 
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We shall now use Taylor’s theorem of two variables to expand f(u, u) in powers of u, u and write 
f(u,u>= i i [ a;E;?](oo)g, n=a+P+y+l 
r=O \=o 
we shall now determine 
by using generalised form of Leibnitz’s theorem on differentiation: 
We have on differentiating ‘r’ times the function f(u, u) partially w.r.t. ‘u’: 
Again, differentiating Eq. (36) ‘s’ times partially w.r.t. ‘u’ we obtain 
OGr+sG2(a+p+,y+l) 
OSr, +s, S2a, OCr,, s,sa, 
OCr,+s,C2P, OCr,, s2Cj3, 
0 4 r3 + s3 s 2( y + 1) , 0 S r2 , s3s(Y+ 1) 
Thus, from Eq. (37) we obtain 
Let us now illustrate the determination the quantities: 
arl+“lx(u, 71) a’Z+SqU, ) a’3+“3z(u, U) 
au’! au”1  [ (0.0)’ adz auS2 1 [ (O,O)’ au’3 aUS 1 (O,O) 
We have from Eqs. (31) and (33) 
a’lx(u, U) 
ad =-$ N%J, + ql,u) + 4% + a,,u>I”l 
165 
(34) 
(35) 
(36) 
(37) 
(38) 
x (alo + u,,u)“~Y(~ - l)(cu - 2). . . (a - r, + 1)~~-~‘(4 u) 
so that, 
166 H.T. Rathod, S.V. Hiremath I Comput. Methods Appl. Mech. Engrg. 161 (1998) 155-193 
a’1 +sYY(u, v) 
au” au”’ 
= cu(a - l)(cx - 2). . . (a - rl + 1) au”, d”‘((a,, + a,,r$‘x”-“(u, v)) 
a’i 
=cx(cy- l)(cx-_)...(a-r, + 1) __ 
avt, @lo + a+)” 
a’i 
X -(uoo +u,,q + “(a,, + u,,U)a-r’ 
av’i 
=a((~- l)(a-2)...(cu-r, + 1) 
x r,(r, - 1). . . (r, -t, + l)u:‘,(u,, +a,,“)“~” 
X(a-r,)((~--rl-l)...(ck-rrl-l)((~-r,-tj+l) 
x (uo, + u,,U)‘~X~-r~-ri(U, v) 
a'~+s~x(u,v) 
1 
FL 
,,,,=a(cx-1)(cx-2)...((W-r,+1) 2 I au'1 adf . r,+t;=a, plb 
X r,(r, - 1). . . (r, -t, + l)u~‘,u’;b-” 
X ((Y - r,)(a - r, - l)(cu - r, - 2). , . (a - r, - ti + l)ubj~y&~~-‘j 
From Eq. (40), we thus obtain 
P+“x(u, v) 
au” dv”’ 
where 
In a 
ff - r, -SI +t, 30, rl -t, SO, $1 -t, >O, ost, GS,) OSr,, S] SC2 
similar manner, we can obtain, 
where 
(39) 
(40) 
(41) 
(43) 
p-r,-s,+t220, r,--tt,aO, s,-tt,zO, OSt,Gs,, OSr,, S2 < P (4.4) 
a’~+s~z(u, v) 
1 / 
def 
au’3 au”3 . (o o) <bb) = \r + 1 G(r,9 s3) (say) 
y+ I -r3--sj+fj 
=,,+lrgo ,:y_,,,,,,,~~$ (45) 
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where 
y-tl-r,+s,+t,ao, t-3 -tt,>O, s,-tt,>O, OSt,Ss,, OSr,, s3 S(Y + 1) 
(46) 
on using Eqs. (38)-(46), we can now rewrite Eq. (35) as 
f(u, 7~) = 2 2 @(r, s)urvSb Ip Iy + 1 
r=O .x=0 
(47) 
@G-, s) = C c E(r,,s,)F(r,,s,)G(r,,s,) (48) 
,,+TZ+T3+=1..s,+.~*+\~+=’ 
with E(r,, s,), F(r,, s2) and G(r,, s3) as defined in Eqs. (41)-(46) substituting from Eqs. (33), (34), (35) and 
(47) into Eq. (32), we obtain 
flu, VW,, + .I,,+ + Jo, v) du dv 
= IqPlr + 1 o’ II 
In n 
o F. .gO @(r, S)uruS(JOO + J, ,,u + Jo, u) du du 
, 
= I?% IP (Y + 1 Ii Ii @(r, s)Z(r, s) 
r=O s=o 
where 
I I 
Z(r, s) = 
II 
uruS(JOO + J,,u + J,,u) du du 
(: +oZ)(s + 2)Joo + (r + l)(s f 2)J,, + (r + 2)(s + l)Jo, 
(r + l)(r + 2)(s + l)(s + 2) 
This completes the proof of Lemma 2. 0 
(49) 
(50) 
Note: It should be noted that in order to avoid division, we should compute bE(r,, s,), pF(r,, s2) and 
(r + 1 G(r,, s3) rather than E(r,, s,), F(r,, s2) and G(r,, s3) as we can show that 
Ig-W-,,s,) = C ( ff I,‘0 r1 + s, - t, 
pF(r,, s2) = 2 ( p 
1*=0 f-2 + $2 - t2 
) (r2 + 1: - 12) ( ::)b~~“““‘h;:-“h;il’h:: 
Iy + lG(r,,s,)= 2 
f7==0 
(504 
(5Ob) 
(5Oc) 
LEMMA 3. Let Tf,T,j.k be linear triangle in the xy-plane with vertices at ((x,, y,), a = i, j, k), that is linear 
triangle obtained from a linear quadrilateral QF,;.,,,, by letting (xi, yi) = (x, , y, ). Then the structure product over 
the area qf the triangle Tr,<,,,, dejined by 
xnyPzY+' dx dy (51) 
with z, = z(x, y) = Lr + My + h as the equation of the plane spanning points (x,, y,, z,), m = i, 1, j, k in the 
three space is expressible as 
(52) 
168 H.T. Rathod, S.V. Hiremath I Comput. Methods Appl. Mech. Engrg. I61 (1998) 155-193 
where 
m m-P n n-l 
A(m,n>= 2 c c c F(p,A)G(q,~cL)H(m-p-q,n-A-~u) 
p=o q=o A=0 /r=o 
ro, p<~ 
F(p,h)= 
G(q,p)= 
rot if(m-p-q)<(n--A-p) 
L I?’ x c( -P-4)-(n-A-~)C(n-A-~) II if@-p-q)=(n-A-,u) 
ao.0 =x;, aI.0 = X,1 ’ ‘I.1 = 'k, 
bo.0 = Y, ’ bl,O =Yji ’ bl,l =Ykj 
co.0 = ZL ’ Cl.0 = zji , cl,1 = Zkj 
x =x -x ah a h’ Y a,,, = y, - Yb 3 Zah = z, - zb 
a = i, j, k , uZb, b = i, j, k 
‘Ayk = (X, - Xi)(yk - Yj) - (xk - Xj)(Yj - Yi) 
= ‘jiykj - xkjYjt (53) 
PROOF. From Zienkiewicz [ 121 and Rathod [ 131 we know that the arbitrary linear quadrilateral with vertices at 
((x,, y,), a = i, j, k, 1) can be mapped to a unit square 0 s u, u s 1 in the uu-plane by use of the isoparametric 
coordinate transformation (see Fig. 3) is already given in Eq. (31). If we now further assume that the nodes i 
and 1 are tied together, so that we have (xi, yi) = (x,, yl), then we obtain a new isoparametric coordinate 
transformation which maps an arbitrary linear triangle to a unit square 0 G u, u S 1 (see Fig. 4) 
y = y(u, u) = boo + b,,u + b,,uu , 
z = z(u, u) = ZJ(U, u) + My@, u) + h 
(54) 
=c,,+c,,u+c,,uu, 
where the constants a,,, alO, a, ,, boo, b,o, bl,, coo, Cl03 Cl1 are already defined in Eq. (53). 
Using the transformation of Eq. (54), we obtain 
Ip3,Y+l d” 
T:‘,.k - 
= (24;) I,’ I,’ mn(u, u)yp(u, u)Z;:,;, du du (55) 
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+=: (I-5)(1-q) (,:‘, 
+: (I+<) (1-r)) $7) 
+: (1+5)(1+1) (,:, 
+: (I-c)(I+rl) $ll) 
Fig. 4. Mapping of an arbitrary linear quadrilateral e ement into: (a) a square of 2-unit side length; (b) a square of l-unit side length. 
where 
2A”,y,=(~,-~i)(Y,-yj)-(~,-~j)(Yj-Y,) 
= 2 x area of triangle spanning vertices (x,, Y;), (xj9 yj) and (x,3 it) 
1 x, Y; 
= 1 x, yj 
1 xk yk 
Let us now define 
X(u, V) = x”(u, u) , vu, u) = yP(u, v) I Z(L4, u) = zy+yL4, u) 
and 
flu, u) = X(4 u)Y(u, u)Z(u, u) 
Using Eq. (57), we can write 
ZZ;$::+’ = (243 L.&U, u) du du 
We can write, from Eqs. (57) 
We shall now determine the term 
(56) 
(57) 
(58) 
(59) 
Using Leibnitz’s theorem on differentiation, 
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am&4, u) a” 
aum = au” CG, u)Y(4 UP-(4 u>> 
=c lc am’x(u, u) am*Y(u, u) am3Z(U, u) 
ln,+m2+ml=ln p, p*p, au”’ aurn* aUrn3 
am+nf(U, ) 
au” au" = g {X(4 u)Y(u, UP%4 u>) 
m m-p 
=cc p=. q=. ,,,,,m”-, -q {i:?A ( “,:uAPx;:))( “;;:;y’)
h-O/d 0 
x ( 
a(m-P-q)+(n-A-WL)qU, u) 
) IF at4 m-p-q aCeA- Xl$q~-~-CL 
Thus, from Eq. (60), we obtain 
(61) 
Let US now illustrate the determination of quantities 
we have 
X(u, u) = xyu, u) = [aoo +u(u ,o + a, ,u)l* 
a ff = c(> u;o-ru’(u,o + u,,uy r=O r 
. apx(u, U) a (Y 
. . 
ad =r=p r c(>u,“,-‘(u,, + u,,u)‘r(r - 1). . . (r-p + 1)~‘~’ 
= 
0 
; !_P(%o + a,, U)Pu;o-p 
+ 
6 > 
y 1 IP+ l@,O+a,,u) 
p+l cr-(p+l) 
a00 U 
+ ( > (y “_ 1 Iff - 1 ,a _ 1 _p (alo f ~,,~)a-l~OO~~-‘-P 
+ ff IL? 0 -(al0 +u,,U)LIUn-p a p-p 
= i: (;)u;&z,, +n,,v).&ur-~ 
r=p 
(62) 
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clearly, we have from Eq. (62) 
a p+ AX(U, u)
&lp &I” 
=O, ifp<A 
Let p > h, i.e. h <p, then we have 
apfhX(u,u) = a a air 
aup &IA w -!A- Lr”(u,, + u II up +T(T-l)...(r-A+l)a;l ‘=p r aoo (r-p 
a 
Ly 
= 
z( ) 
“-‘LU’-“(a,o+a +L,A 
- a00 II ‘=p P 
1’ m ‘I 
from Eq. (63), we thus have 
Let A >p, i.e. p < A, so that 
ap+*X(u,U> aA ff: ff 
aup at.? - au^ r 0 JiL u’-“(u,o + a r=p PI’-p II u)’ I 
=- ,“,: {$A (;)&n%O+%u)r} 
a 
c?k -IL 
= 
=o ?-=A P I’-pu 
?- p(r(u,O +~,,~)‘-*4, 
From Eq. (66), we thus have 
let p = A, so that Eq. (62), we have 
aP+^x((t4,v) = a2pxwg 
auPaVA adaup 
=- ,"u: (5 (;)u;;o_r(a,o +u ,vY&-P} 
r=p 
(I 
LY 
= 
c{( > 
“‘JL-‘(u,o +u,,u>‘-p(a,,>pr(r- 1) 
r=p r uoo u 
Thus, we have from the above equation 
. . .(r-p+ I) 
1 
(63) 
(64) 
(65) 
(66) 
(67) 
(68) 
From Eqs. (63), (65) and (68), we thus have 
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zf F(p, A) 
In a similar manner, we can derive 
if q<p 
“Gf G(q, pu) 
m*+n*Z(U, v) 
( )[ 
0, if m*<n* a 
aZ* a$* Y+l 
Im* In* 
(O.O)= 
( > 
(;:;l,~~~~~~~~*~~~_“*~:;, 
ifm*=n* 
if m*>n* 
where m*=m-p-q, n*=n-A-p. 
Hence, from Eqs. (61), (69), (70) and (71), we obtain 
m m-p n n-A 
= c c 2 x F(p,h)G(q,~L)H(m-p-q,n-A-E.L) 
p=o q=o A=0 p=o 
From Eqs. (59) and (72), we obtain 
a+p+y+t m 
f(u, u) = X0 C u”u”A(m, n) 
n=O 
Substituting from Eq. (73) into Eq. (S8), we obtain 
1 I 
.;$‘y+’ = (2A”,y,) II uf(u, v) du dv 
= (2A”,y,) o’iwl $. n(m, nj( 1: I,’ um+‘un du dv) 
a+p+y+1 In 
(69) 
(70) 
(71) 
(72) 
(73) 
(74) 
This completes the proof of Lemma 3. q 
3. Volume integration 
In most computational studies, we recognize the importance of obtaining practical explicit formulas for the 
exact evaluation integrals. 
lli p f(x, Y, z) CLX dy dz (75) 
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where P is a three polyhedra in R3, dx dy dz is the differential volume and f(x, y, z) is a simple function: 
(76) 
where (Y, j?, y are non-negative integers (including zero). However, the present paper is focused on the 
calculation of the following integral of monomials. 
def 
III, a.P.y = 
l.Z.3. .x 
xaypzy dx dydz 
1.2.3, .R 
(77) 
where 4 2 3 8 is an arbitrary linear hexahedron with vertices at ((x,, yA, z,), A = 1,2,3,4, . . . , 8). 
In our ‘e’arlier works [ 10,111, it is stated that an extension to the integral J J J, f(x, y, z) d.x dy dz can be 
obtained by using the integral: 
where Tj j k r is an arbitrary linear tetrahedron with vertices at ((x,, yA, z,), A = i, j, k, 1)) and the linearity 
property of integral. We shall show in the present section of this paper, how this can be achieved most efficiently 
for a linear arbitrary hexahedron. This process is gradually developed in Theorems 1-5. This has led us to the 
important reset that a finite integration formula can be developed for a linear arbitrary hexahedron in terms of 
integral over the linear quadrilateral faces. This has, in turn, opened the possibility of explicit integration for a 
linear arbitrary hexahedron by using Lemmas 1 and 2 developed in the previous section. 
THEOREM 1. A structure product: 
x”yazy du 
1.2. ..x 
over a three-hexahedron H,,2,3 ,___, s (H,,, ,,,,, B = a hexahedron in 3-space with vertices at ((x,, yr, z,), p = 
1,2,3, . . . ,8)) is a polynomial combination of structure products of suitable order over triangulation of the 
hexahedral boundary aH,,2,3 ,,,_, 8
where T is a linear triangle in the three-dimensional space, ri is outward unit normal vector to T and k is the 
unit normal vector along z-axis. 
PROOF. The proof follows from Rathod and Govinda Rao [lo]. 0 
THEOREM 2. A structure product 
xaypzy dx dy & 
where T, is a tetrahedron with vertices at ((x,,, yr, z,), p = i, j, k, 1) is expressible as polynomial combination of 
suitable order over triangulation of the tetrahedron boundary: 
LI p y _ f&i, j, k 1) 
III,’ ’ - r ty + 1) [“T;% 
u.B*Y+l + .;;tY+’ + .gY+ + zz~~7+11 
(79) 
where 
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jdet JI 
fi(i, j, k, 1) = (&t J) 1 
x 
P4 
= XP - xq , Y pq = Yp - Y, 9 z,, = zp - z, 7 
(p, 4) E t(L 0, (.A l),(k 0) 
and 
where z(x, y) = lx + my + h refers to the equation of the plane spanning points ((x,, yp, z,), p = i, j, k) and T$ 
is the oriented triangle in the xy-plane obtained on projecting the linear tetrahedral boundary Tijk (Tijk = a 
triangle in three spaces with vertices at ((x,. y,, z,), p = i, j, k) on the xy-plane. 
PROOF. The proof follows from Rathod and Govinda Rao [ 111. 0 
THEOREM 3. A structure product 
x”ypzy dx dy dz (81) 
over a three-hexahedron H, 2 3 ,,, 8 with vertices at ((n,, yp, z,), p = 1,2, 3, . . . ,8) is a polynomial combination 
of structure products of suitable’ order over quadragulation of the hexahedral boundary dH,,2,3,,,..8 
where Q is a linear quadrilateral in three-dimensional space, n^ is outward unit normal vector to Q and f is the 
unit normal vector along Z-axis. 
PROOF. The proof follows from Rathod and Govinda Rao [lo]. 0 
THEOREM 4. A structure product over the volume of a linear arbitrary hexahedron H,,2,3+.__.8 with ((x,, y,, z,), 
p = 1,2,3, . . . ,8) 
is expressible as the sum of structure products of volume integrals over all tetrahedra formed by disjoint 
decomposition of the linear hexahedron H,,2,3,,,,,8. That is 
xaypzy dx dy dz = c x”yazy dx dy dz 
p,q.rx=S 
(83) 
where 
S = {(p,, qi, ri, s,), i = 1,2, . . . , n} 
and n refers to the number of tetrahedrons Tpqrs that can be obtained by a disjoint decomposition of the linear 
arbitrary he.xahedron H, ,2,3,, ,,,8. 
PROOF. Follows from the conditions on regularity of integration domain and continuity of integrating 
function. q 
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3.1. Hexahedron as a assemblage of tetrahedra 
The division of space volume into individual tetrahedra sometimes presents difficulties of visualisation and 
could easily lead to errors in node numbering, etc. A more convenient subdivision of space is into eight cornered 
arbitrary hexahedra. Such elements could easily be assembled automatically from several tetrahedra and process 
of creating these tetrahedra left to a simple logical program. It will be readily appreciated from the exploded 
view, that an hexahedron element could be built in two and only two distinct ways from the five tetrahedral 
shaped elements. This has been proposed in [12]. Both possible divisions of a hexahedron into five tetrahedral 
shaped elements are illustrated in Figs. 5 and 6 and this concept could easily be used in Computer Aided Design 
and stress analysis, etc. 
From Figs. 5 and 6 and Theorem 4, we can write 
xnyPzY dx dy dz = 
1.2.3, .,x 
where SO = {(1,4,2,6), (1,4,3,7), t&7,5, 11, (6,7,8,4), (1,4,6,7)). 
THEOREM 5. The structure product over the volume of a linear arbitrary hexahedron H,,,,,,,.,,, as defined in 
Eq. (77) is expressible as 
where 
6 
I 
Fig. 5. A systematic way of splitting an eight-cornered hexahedron-shaped brick into five tetrahedra. 
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5 
4 
5 
8 
2 Z T 3 2 a -ii, -- 
\ 
3 
2 
2 
3 
4 
5 
‘y 
8 
3 
4 
Fig. 6. An alternative systematic way of splitting an eight-cornered hexahedron-shaped brick into five tetrahedra. 
x~ypzy+‘(x, y) dx dy 
Qyj k, = linear quadrilateral spanned by point ((n,, yp, z,), p = i, j, k) in the xy-plane . * % 
&x, y) = equation of plane spanning point ((x,, yp, z,,), p = i, j, k) in three space and L?( 1,4,6,7) 
(86) 
is as defined in Eq. (80). 
PROOF. One of the district ways to build an arbitrary linear hexahedron from five tetrahedral shaped elements 
is fully illustrated in the book by Chandrupatla and Belegundu [141. Now, using the notation (i, j, k, 1) to refer to 
nodal number of comer points for a tetrahedron Tjjkl with vertices ((x,, yp, z,), p = i, j, k) and (k, i, j), (I, k, j), 
(I, i, k) and (I, j, i) to refer the four triangular faces of the tetrahedron, we can form the following table for the 
above subdivision of a linear hexahedron into five tetrahedra. 
The above result follows from the fact that 
(87) 
2q$ = 2 X area of triangle Tg, , 
where the comer node p, q, r in anticlockwise orientation, and 
2A;, = 2A& = 2A;iq 
= -2A$ = -2A$ = -2AFq 
using Eqs. (87) and (89) we find 
w9 
(89) 
111 xaypzy dx dy dz = HI.2.3.. ..8 ~~~~~~~~~~~.~.~,~x”y~zydldydL . ., 
S, = {( 1,4,2,6), (1,4,3,7), (6,795, l), (6,7,8,4), ( 1,4,6,7)1 (90) 
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Table 1 
Subdivision of an arbitrary linear hexahedron into five tetrahedra with the corresponding triangular faces 
Element Comer node Triangular faces 
e ijkl 
(k, i, j) (1, k, j) (I, i, k) (1, j, 9 
I 1426 (2, 1.4) (6, 2, 4) (6, 1, 2) (694, 1) 
2 1437 (3, 1.4) (7,3,4) (7, 1, 3) (7-4, 1) 
3 6751 (5.6.7) (1,5,7) (1, 6, 5) (1, 7, 6) 
4 6784 (8.6.7) (4, 8,7) (4, 6, 81 (4779 6) 
5 1467 (6, 1. 4) (7, 6.4) (7, 136) (7.4, 1) 
We have from Eq. (84) 
ill 1 XaYPzY &dY dz = (y + 1) p,q,r,sES, c II a,,,,XaYPz,+‘~~ dr dY (91) “I,Z.X .x 
where S, = {(1,2,4, 3), (5,6,8,7), (1,3,7,5), (2,4,8,6), (1,5,6,2), (3,7,8,4)}. We can form a similar table 
for alternative distinct subdivision of an arbitrary linear hexahedron into five tetrahedra (see Table 1). 
In Theorem 2, we have referred to the integrals of type 
II;;?‘+ ’ !$ 
il 
x”lyp(Zx + my + !z)Y+’ dx dy 
P.Y.’ r;$ r , 
where TyY r is an oriented triangle in the xy plane. By using usual area coordinates, we can map the arbitrary 
triangle cq.r to a unit triangle in the new plane, say uu as (see [lo]): 
a.D.y+’ _ IIT,, - 
P.Y.’ II 
xayp(Zx + my + h)y+’ dx dy 
TGJ4 r 
= 2A;, x~(u, u)yP(u, u)z’+‘(u, u) du du 
= 2AXY II&%&Y + ’ 
PY’ TP.q.r 
(92) 
It can be further shown that 
@$.y+’ = II;%$Y+ = IIgY+’ = _II;gY+’ = _II;;fY+’ = _,;g.y+ 
P.Y.’ Y.‘.P ‘.P,4 9.0.r ‘.4.P PJ.q (93) 
We know from Gauss’s divergence theorem that volume integral is equal to the sum of surface integral taken 
over the entire boundary surface of the volume V. 
When we use this concept in Eq. (90) and further make use of Eqs. (91)-(93), (79) and Table 1: 
1.2.3, ..8 
x”Y’z%dydz= (y+ 1) [(2A;:‘J;;:+‘) + (2A”2JZ;;:+‘) + (2A&II~~~~,;+‘)l 
. 
WL4,6,7) - 
(Y + 1) 
[(2A3r,ZI;;;~,:+‘) + (2A;,II;;q.:+‘) + (2A;:,IZ;;;;+‘)] 
, . 
+ f&1,46,7) 
(Y + 1) 
[(2Axy II”sp’y+‘) + (24y,,ZI;;4;;+‘) + (2A;‘,,II;;;;+‘)] 
567 Ts.h.7 , 
f%l, 4,697) - 
(Y + 1) 
[(24’,,ZZ;;,;+‘) + (ZA&ZI;$+‘) + (2A;,ZI;;;+‘)l 
(94) 
We know that 
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@J+’ = .;$J+’ = .$.r+’ = _I@Y+’ = _,;;J+’ = +;$‘Y+’ 
p.4.r q.r.p r.p.q 4.P.’ ‘*Y.P p.r.q 
Using the above results of Eqs. (95) and (96) and rearranging terms in Eq. (94), we now obtain 
xnyazY dx dy dz 
This completes the proof of the theorem. 0 
4. Application example 
Consider the evaluation of volume integral: 
x2y dx dy dz 
(95) 
(96) 
(98) 
where Hl 2 3 8 is an arbitrary linear hexahedron bounded by the hexahedral surface dH,,,,,,,,,,, with vertices 
(y. = x,, y,Y: i,Y), s = 1,2,3, . . . ,8) (see Fig. 7) 
(99) 
We know that the integral 
XaYPZY+' dxdy=O 
Whenever the equation of the plane spanning points ((x,, y,, z,), a = i, j, k, 1) is x = 0 or y = 0 or z = 0. 
Using this fact and the statement of Theorem 5, we have for the application examples stated in Eqs. (98) and 
(99) (see Fig. 7). 
(1W 
ALGORITHM 1. We shall now illustrate the use of Lemma 1 to evaluate the integrals appearing on the 
right-hand side of Eq. (100). 
We have on using Lemma 1 for linear arbitrary quadrilateral, it can be shown that 
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Fig. 7. Arbitrary linear hexahedron for application example. Note: Eq. of plane (I,& 4,3) is z = 0; Q. of plane (5,6, 
Eq. of Plane (1,X 7,s) is xc 0; Q. of plane (2,4,8,6) is (X - I)/2 + z/8 = 0; Elq. of plane (1,2,6,5) is x - 4~ 
(3,4,8,7) is z=x+4y-4. 
8,7) is z 
+z=o; 
=x13 + 314; 
Eq. of plane 
(101) 
We can apply Eq, (101) to each of the integrals appearing in the right-hand side of Eq. (100) we have for the 
application example (Y = 2, j? = 1, y = 0, hence we can write 
(102) 
the other integrals on the right-hand side of Eq. (100) can be similarly written on using Eq. (101). From Lemma 
1, we can show that 
zz $;, = (A3W, ON.31, W(L 011 
+ ; [F( 1, l)G( 1, O)H(O, 1) + F(2,O)G(O, l)H( 1,O) + F(2,O)G( 1, O)H(O, l)] 
+ f [F( 1, l)G( 1, O)H(O, 1) + F(2,O)G(O, l)H(O, 1) + F(O,2)G( 1, O)H(l, O)] 
+ F(l, l)G(O, 1)&l, 011 
+ f [F(O, 2)G(l, O)H(O, 1) + F(1, l)G(O, l)H(O, 1) + F(2,O)G(O, l)H(l, 0)l 
+ + l&O, 2)G(O, lYf(O, 111 
where 
(103) 
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F(2,O) = x: , F(l,l)=zr,x,~, F(O,2) = x;k 
G(l,O)=Y,, G(O, 1) = ~,k 3 
(Zk ’ if ~(0, 0) = h = 2, = 0 
H(l,O) = 
I 
z,, z0 
7+-J-, if ~(0, 0) = h = Z, # 0 
z 9 if z(O,O) = h = z, = 0 
H(0, 1) = iz: 
6’ 
if ~(0, 0) = h = z, # 0 
APi = 
I 
2AEi16, if z0 = h = 0 
2AfVi, if z0 = h # 0 
2AiY,, = XiYk -'kYt 
We shall also note from Eq. (99) and Fig. 7 that: 
II;;;; 8 6 = II x’y(4 - 4x) dx dy = II x2yz dx dy I.. Q%l,S,6 Qx24.8.6 
Now, on using Eqs. (99), (103), (104) and (105) we find that 
~~~~~~.~.~=(II,,,cII,,,+II,,,.+ll,:,,)X2Y(4-4X)~dY . 
1 1127 243 143 2053 =-+ _-- 
30 162x6o 1cj3 162 x 40 = 163 x 15 
In a similar manner, we obtain 
945 621 86697 
= _-+ 
164 X 8 
-----+ 
163X4 164 x 40 
+o 
45333 
= 164 X 10 
II 2.1.1 
QYW.5 
= II x2y(4y - x) dx dy 0~~2.6.5 
=(II,,,+fI,;,,+IJ~~,,+~J~~,,)~2~~~y-x~~~y  
247 4077 
= ( 0+ + 16’ +o ) 162 x 180 X 40 
163157 
= 164 x 360 
(105) 
(106) 
(107) 
(108) 
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II 2,l.l Q” = 
1.4.x.7 s I x2y(x + 4y - 4) dx dy Q%X., 
=11,;.,,,~+11,::,,+ff~,,,+ff~~~~,,~’y~~+4~-4)~~~ 
13 841 3629 =-- 
- 
360 162 x 164 x +0 
180 120 
519359 
= 
164X36O 
Substituting from Eqs. (106)-(109) into Eq. (lOO), we obtain 
= zzg + zz$c’ - ZZ$“’ + zz’d-t;.’ 
2.4.X.6 I ,2,6.5 3.4.x.7 5.6.X.7 
2053 163157 519359 45333 
= + - 
16’ X 15 164 x 360 164X 360 
+ 
164 x 10 
344023 
= 164x 60 
ALGORITHM 2. From Lemma 2, we can show that ((u = 2, p = 1, y = 0) 
zzg; = 
II 
x’yz dx dy 
Q”? 1,1! 
= 2 i f: CD@, s)Z(r, S) 
r=O a=0 
(109) 
(110) 
= (&b,,c,,) Jo0 + ; (J,, + Jo, ) [ 1 + 2{@(1, lV(1, 1) + w, 2)42,2) 
+ @(3,3)1(3,3) + @(4,4)1(4,4)} + 2[({@(0, 1) + @(l, 0)) + {@(O, 2) + @(ZO)> 
+ {@(O, 3) + @(3,0)} + {@CO, 4) + @(4, o>> + {@(l, 2) + @(2,1)} + {@(l, 3) + @(3,1)] 
+ {@(l, 4) + @(4,1)} + {W, 3) + @(3,2)} + {W&4) + @(4,N + {@(3,4) + @(4,3))1 (111) 
where 
@(l, l)=G(O,O){E(l, l)F(O,O)fE(l,O)F(O, l)+E(O, l)F(l,O)+E(O,O)F(l, l)} 
+ G(0, 1 ){E( 1, (MO, 0) + E(0, W( 1, 0)) + G( 1, O){E(O, 1 )F(O, 0) + E(0, Wo, 1)) 
+ G( 191 ){E(O, O)F(O, 0)) , 
(9(2,2) = G(O,O){E( 1, l)F( 1,l) + E( 1,2)F(l, 0) + E(2, l)F(O, 1) + E(2,2)F(O, 0)) 
+ G( 1, O){E(O, 1 )F( 1,l) + E(O,2)F( 1,O) + E( 1,l )F(O, 1) + E( 1,2)F(O, 0)} 
+ G(0, l){E( 1, O)F( 1,1) + E( 1, l)F( 1,O) + E(2,O)F(O, 1) + E(2, l)F(O, 0)) 
+ G(1, l){E(O, O)F(l, 1) + E(0, l)F(l, 0) + E(LO)F(O, 1) + E(1, l)F(O, O)}, 
@(3,3)=G(O, O){ECLW(l, l))+G(O, l){E(2,2)F(l,O)+E(2,1)F(l,l)} 
+G(LOHE(2,2F(O, l)+E(l,2F(l, l>> 
+ G(1,1%!W, 2F'(O,O) +E(2, lV'(O, 1) +E(l,2)F(l,O)+ E(1, l)F(l, l)}, 
@(4,4) = G(l, l)E(2,2)F( 1, 1) 
@(O, 1) = {E(O, 1 )F(O, 0) + E(0, O)W, l)}G(O, 0) + {E(O, OFTO, O))G(O, 1) , 
@( 1,O) = {E( 1, O)Wk 0) + E(0, W( 1, O)}G(O, 0) + {PO, O)F(O, O)}G( 170) , 
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@(O, 2) ={E(O, W(O,O) +E(O, l)F(O, l)}G(O,O) + {E(O, l)F(O,O) + E(O,O)F(O, l))G(O, 1)) 
@(2,0) = iE(2, OMO, 0) + E( 1, W( 1 ,O))G(O, 0) + {E( 1, WV, 0) + E(0, OM 1, O))G( 190) 
@(O, 3) = {E(O, 2)F(O, 1 )}G(O, 0) + {E(O, 2)F(O, 0) + E(0, 1 MO, 1 )}G(O, 1) , 
@(3,0)={3,0) =~E(2,O)F(1,O)~G(O,O)+{E(2,O)F(O,O)+E(1,O)F(~,O)~G(1,O), 
@(0,4) =E(O, 2)F(O, l)G(O, 1)) 
@(4,0) =E(ZO)F(l,O)G(l,O), 
@(2, l)={E(2, l)F(O,O) +E(2,O)F(O, l)+E(l, l)F(l,O)+E(l,O)F(l, l)}G(O,O) 
+ {E(2,O)F(O, 0) + E( 1, W’( 1,O))GQ-A 1) 
+{E(1,1)F(O,O)+E(1,O)F(O,1)+E(O,1)F(1,O)+E(O,O)F(1,1)}G(1,0) 
+ 0% 1, O)F(O, 0) + WI O)F( 1, O))G( 1,l) , 
@( 1,2) = {E(l, 2)F(O, 0) + E( 1, l)F(O, 1) + E(O,2)F( 1,0) + E(0, l)F( 1, l)}G(O, 0) 
+ {E(l, 1 )F(O, 0) + E( 1, O)F(O, 1) + E(0, l)F( LO) + E(0, O)F( 1, l)}G(O, 1) 
+ @(O, 2)W, 0) -t E(O, 1 )F(O, 1 )}G( 1,O) + {E(O, 1)F(O, 0) + E(0, O)F(O, l)}G( 1,1) , 
@( 1,3) = {E( 1, W(0, 1) + E(O,2)F( 1, 1 )}G(O, 0) 
+{E(1,2)F(O,O) +E(l, l)F(O, l)+E(O,2)F(l,O) 
+ E(0, 1 )F( 171 MW, 1) + {-WA 2)F(O, 1 ))G( 130) 
+ {E(O, 2)F(O, 0) + E(Q1 MO, 1 ))G( 1,l) , 
@(3,1) = {E(2, l)F(l, 0) + E(2,O)F(l, l)}G(O, 0) + {E(2,O)F(l, O)}G(O, 1) 
+b%l)~(O,O)+E(2,O)F(O, 1)+&l, l)F(l,O)+E(l,O)F(l, l)}G(l,O) 
+ {E(2,O)F(O, 0) + E( 1, O)F( 1 ,O))G( 1,l) , 
@( 194) = {E( 1>2)F(O, 1) + E(O, 2)F( 191 )}G(O, 1) + {E(O, 2)F(O, 1 )}G( 1,l) , 
@(4,1) = (E(2, l)F(l, 0) + E(ZO)F(l, l)}G(l, 0) + {E(2,O)F(l, O)}G(l, I), 
@(2,3) = {(E(2,2)F(O, 1) + E(l, 2)F( 1, l)}G(O, 0) + {E(2,2)F(O, 0) + E(2, l)F(O, 1) + E( 1,2)F( 1,0) 
+ E(1, l)F(l, l))G(O, 1) + {E(L 2)F(O, 1) + E(O, ‘W(1, l)}G(l,O) 
+ {E(l, 2)00,0) + E(1, l)F(O, 1) + E(0, 2)F(l, 0) + E(0, l)F(l, l)}G(l, 1)) 
@(3,2) = {(E(2,2)F(l, 0) + E(2, l)F(l, l)}G(O, 0) + {E(2,1)F(l, 0) + E(2,O)F(l, l)}G(O, 1) 
+ {E(2,2)F(O, 0) + E(2, l)F(O, 0) + E( 1,2)F( 1,0) + E( 1, l)F( 1, l)}G( 1,0) + (E(2, l)F(O, 0) 
+ E(2, W’(O, 1) + E(1, l)F(l, 0) + E(l,O)F(l, l))G(L 1)) 
@GA 4) = {E(2,2)F(O, 1) + E(1,2)F(l, l)}G(O, 1) + {E(l, 2)F(O, 1) + E(O,2)F(l, l)}G(l, l), 
@‘(4,2) = (E(2, W’(l,O) + E(2, l)F(l, l))G(l, 0) + {E(2,1)F(l, 0) + W,O)F(l, l))G(l, 1)) 
@(3,4) = {E(2,2)F(l, l)))G(O, 1) + {EC& 2)F(O, 1) + E(1, W’(1, l)W(l, 1)) 
@(4,3) = (E(2, ‘W(l, l))G(l, 0) + {EC 2)F(l,O) + E(2, l)F(l, l))G(l, l), 
and (I@, s), r = 0,4), s = 0,4) are defined in Eq. (30). 
From Eqs. (30), (112)-( 114), we obtain 
J,,, =; 
9 
J,o= -32 
Jo, =0 
3 
a00 = 0, a,,=q, a01 = 0, alI = 0, 
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3 4 6 
boo = 16 ’ ho=16 b,, = 1 t b,, = -16, 
3 1 
=- coo 4' clo=q, Cot = 0, CII = 0 
E (0.0) = 0, E,,,,,=O, Eo,,,=O 
E (1.0) = 0, Ec,,,)=O, EC,,,,=0 
9 
E =- = (2.0) 32 9 E (2.1) 07 Em =0 
3 4 6 F =- (o,o) 16 ’ F 1 F (0.1) = ’ (1.0) =jg* F (l.I)= -16’ 
3 
G zz- (0.0) 4 ’ G(0, l)=O, G(l,O)=+, G(1, l)=O, 
@(l, l)=O, c&2,2) = 0, @(3,3) = 0, @(4,4) = 0, 
@(O, l)=O, @(l,O)=O, qo, 2) = 0, 
81 
2@(2,0) = 16X4x32’ 
@(O, 3) = 0, 
135 
2@(3,0) = 162) @(O, 4) = 0 ) 2@(4,0)=&. 
9 X 48 
‘p( 1,2) = 0, 2@(2, 1)=Xx 
2@(3, l)= -A, @(I, 3) = 0 
-54 
@(1,4)=0, 2@(4,1)=~ 
2 
E(O,O)= 9 
JWL 1) = uoluo,o 
2 
E(O,2) = 2 
E(l,O)=q,,a,, 
WI> 1) = (u,,Q, + a,,~,,) 
E(L 2) = ul,aoi 
2 
E( 2,0) = 9 
EC.73 1) = a,oa,, 
2 
E(2,2) = 9 
W, 0) = boo 
F(O, 1) = b,, 
F(l,O) = b,, 
F(l, 1) = b,, 
(30, 0) = coo 
W, 1) = co1 
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G(LO) = c,~ 
G(1, 1) = ~1, (113) 
and JoO, Jr,, J0r, ((a,, b,, cjj>, i = 0, l), j = 0, 1) are already defined in Eq. (30). 
For the application example stated in Eq. (99), let us illustrate the above numerical scheme with reference to 
Qz, (i = 5, j = 6, k = 7, I= 8). 
C&2,3) = 0 ) @(3,2) = 0, @(2,4) = 0) 
@4,2) = 0, C&3,4)=0, @(4,3) = 0 
Now substituting from Eq. (115) into Eq. (ill), we obtain 
45333 
= 164 x 10 
In a similar fashion, we obtain other integrals as 
zz 2.1.1 
163157 
Q&5 = 164 X 360 ’ 
2053 
zz 2,l.I 
Q%% = 163 ’ X 15 
zz 2.1.1 
5 19359 
Q2i87 
= 
164 X 360 
Substituting from Eqs. (116) and (117) into Eq. (lOO), we obtain 
2,l.O 344023 zzz “1.2.3 ,..., 8= 164 X 60 
(114) 
(115) 
(116) 
(117) 
(118) 
ALGORITHM 3. We shall now illustrate the use of Lemma 3 to compute the integrals 
p%Yf = 
=;I II x”yp(Lx +My t !I)~+’ dx dy =8 
On comparing with the statement of Lemma 3, for the application example considered in [lo], we have (Y = 2, 
p = 1, y = 0. Let us first demonstrate the computational scheme with reference to the integral 
x2y{-4(x - 10)) dx dy 
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where 
x, = 10, y, = 10 
Xi=& Y, = 7 
xk= 10, Yk = 5 
Now, we have from Eqs. (52) and (53) for (Y = 2, p = 1, y = 0: 
(119) 
=(2A;~)[~A(O,O)+;A(l,O)+~A(l, l)+$A(2,o)+$A(2, l)+&A(2,2)+fA(3,0) 
+ $) A(3, 1) + & A(3,2) + $- A(3,3) + ; A(4,O) + $ A(4, 1) + i A(4,2) 
1 1 
+ 24 A(4,3) + gj A(4,4) I (120) 
where 
A(0, 0) = F(O,O)G(O, O)H(O, 0) 
A( 1,0) = F(0, O)G(O, O)H(l, 0) + F(0, O)G( 1, O)H(O, 0) + F( 1, O)G(O, O)H(O, 0) 
A( 1, 1) = F(0, O)G(O, O)H( 1,1) + F(0, O)G( 1, l)H(O, 0) + F( 1, l)G(O, O)H(O, 0) 
A(2,O) = F(0, O)G( 1, O)H( 1,0) + F( 1, O)G(O, O)H( LO) 
+ F( 1, O)G( 1, O)H(O, 0) + F(2,O)G(O, O)H(O, 0) 
A(2,1)=F(O,O)G(1,O)H(1,1)+F(O,O)G(1,1)H(1,O) 
+ F( 1, O)G(O, O)H( 1,l) + F( 1, l)G(O, O)H( 1,0) 
+ F( 1, O)G( 1, l)H(O, 0) + F( 1, l)G( 1, O)H(O, 0) + F(2, l)G(O, O)H(O, 0) 
A(2,2)=F(O,O)G(1,1)H(1,1)+F(1,1)G(O,O)H(1,1) 
+ F( 1, l)G( 1, l)H(O, 0) + F(2,2)G(O, O)H(O, 0) 
A(3,O) = F( 1, O)G( 1, O)H( 1,O) + F(2,O)G(O, O)H( 1,0) + F(2,O)G( 1, O)H(O, 0) 
A(3, 1) = F( 1, O)G( 1, O)H( 1, 1) + F( 1, O)G( 1, l)H( 1,0) 
+F(1,l)G(1,O)H(1,O)+F(2,O)G(1,1)H(O,O) 
+ F(2, l)G( 1, O)H(O, 0) + F(2, l)G(O, O)H( 1,0) + F(2,O)G(O, O)H( 1,l) 
A(3,2)=F(1,O)G(1,l)H(1,1)+F(1,1)G(1,O)H(1,1) 
+ F( 1, l)G( 1, l)H( 1,O) + F(2, l)G(O, O)Zf( 1, 1) 
+ F(2,2)G(O, O)Z-Z(l, 0) + F(2, l)G(l, l)H(O, 0) + F(2,2)G(l, O)H(O, 0) 
A(3,3)= F(1, l)G(l, l)H(l, l)+F(2,2)G(l, l)H(O,O) 
A(4,O) = F(2,O)G( 1, O)H( 1,0) 
A(4, 1) = F(2,O)G( 1, O)H(l, 1) + F(2,O)G( 1, l)H( 1,O) 
A(4,2) = W!,O)G(l, l)H(l, 1) + F(2, l)G(l, O)H(l, 1) + F(2, l)G(l, l)H(l, 0) 
A(4,3)=F(2, l)G(l, l)H(l, l)+F(2,2)G(l,O)H(l, l)+F(2,2)G(l, l)H(l,O) 
A(4,4) = F(2,2)G( 1, l)H( 1, 1) 
F(0, 0) = a;, 
G(O, 0) = b,,, 
fm 0) = coo 
F( 130) = 2a,,a ,,, 
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G(l,O)=b,, 
Ml, 0) = c,o 
F(l,l> = 2q),a,, 
G(1, 1) = b,, 
f&l, 1) = c,, 
F(2,O) = Lz:, 
F(2,l) = 2a,,a,, 
F(2,2) = a;, 
a00 = xi ) boo = Y; t coo = zi , 
a,0 =xj -xi, bIO ‘Yj -Yi 7 Cl0 = zj - zj , 
all = Xk - xj ) bll =yk-Yj 7 CII = zk - zj ’ 
We can now evaluate the integral of Eq. (119) from Eqs. (119)-( 121), we obtain 
a,, = 10 ) b,, = 10) coo = 0 
a10 = -2, b,, = -3, Cl0 = 8 
a,, = 2, b,, = -2, cl1 = -8 
““,y,=(X~-Xi)(~k-~j)-(Xk-Xj)(~j-~~) 
= u,,b,, - U,,b10 = 10 
A(0, 0) = 0 
A(l,0)=8000 
A(1, 1) = -8000 
A(2,O) = -5600 
A(2,l) = 7200 
A(2,2) = - 1600 
A(3,O) = 1280 
A(3,l) = -2240 
A(3,2) = 640 
A(3,3) = 640 
A(4,O) = -96 
A(4,l) = 32 
A(4,2) = -96 
A(4,3) = -96 
A(4,4) = 64 
Now, substituting from Eq. (122) into Eq. (120), we obtain for the integral of Eq. (119): 
2.1.1 
IITXY 
o + (8000) + (-8000) + (-5600) + (7200) 
l/k 3 6 4 8 
+ (-1600) + (1280) + (-2240) + (640) 
12 5 10 15 
+ (640) + (-96) + (32) + (-96) + (-96) + (64) ------ 
20 6 12 18 24 30 1 
23584 
=- 
3 
(121) 
(122) 
(123) 
The result obtained in Eq. (123) is again in agreement with that of Rathod and Govinda Rao [lo]. 
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Following the numerical scheme outlined in Eqs. (120) and (121), we shall now compute the integrals 
x2yz dx dy (124) 
where 
(k j, k 0 E {(2,4,8,6), (1,2,6,5), (3,4,8,7), (5,6,8,7)} (125) 
One of the ways to integrate over the area of quadrilateral is by treating the same as a sum of integrals over 
two triangles: There are two ways to compute these integrals as sum of the integrals over two triangles. We shall 
demonstrate he same in one of the ways. Following the computational scheme outlined in Eqs. (120), (121) and 
the numerical data for the application example as given in Eq. (99), we obtain 
II 2.1.1 Q?;.l.~.c, = %~x 2,‘,’ + II$; 
753 2080 2053 
= + = 163 X 15 163 x 24 163 X 16 
II 2,l.l Q& = II+;i; + rr;;i: 
152789 10368 163157 
= + = 164 X 360 164 x 360 164 X 360 
393728 125631 519359 
= + = 164x 360 164 x 360 164 X 360 
II;;.& = II,& 2,‘,’ + II;+: 
6849 693 45333 =-------+ 
= 164 X 2 163 x 10 164X 10 
Substituting from Eqs. (126)-( 129) into Eq. (loo), we obtain 
(126) 
(127) 
(128) 
(129) 
(130) 
4. I. Analytical integration of the application example 
The analytical evaluation of the integral (98) with reference to Fig. 7 and numerical data of Eq. (99), we can 
write 
x2y dx dy dz 
4547 6579 = -~ 
12 x 163 643x5 
344023 
= 164 x 60 (132) 
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5. Line integration 
5.1. In the previous section we have shown that the surface integral of the type ZZ$“’ are in fact reducible 
to line integral over the edge joining points (xi, y,) and (x,, y,J and the z(x, y) is in fact the equation of the plane 
spanning points ((x,, y,, z,), Q = P, q, r, s) and (i, k) E (p, q, r, s). 
In order to identify the equation of the plane with its spanning points, we introduce a new notation. 
z(x, y, p, q, r, s) = h + L.x, My instead of simple notation z(x, y) = h + LX + My and- the existing notation of 
ZZ$;“’ will be redefined as 
ZZ$;y+‘(p, q, r, sjzf 
II 
~~fz~+‘(x, Y, P, q. r, 4 k dy 
TZli 
(133) 
in which i, k E (p, q, r, s). 
We shall now propose a theorem which will express the volume integral over an arbitrary linear hexahedron 
as a sum of twelve line integrals of type given in Eq. (133) along the straight line edges. 
THEOREM 6. A Structure Product: 
WP.Y 
zzzH~ z 3 H = I I I x"ypzy dx dy dz . HI.w. . ..x 
where Hi 2 3 8 
is a linear arbitrary hexahedron with vertices at ((x,, y,, z,), a = 1,2, . . . ,8) is expressible as a 
sum of line’ integrals along the straight line edges joining points ((x,, Y,>, (x,,, ~~1)~ (a, b) E ((13 21, (17 313 (17 519 
(2,4), (2,6), (3,4), (3,7), (4,8), (5,6), (5,7), (6 8), (7,W 
ZZZp;P” = .n(l, 4,697) 
1.2.3. . A (Y + 1) 
[{ZZ~~;Y+‘(1,5,6,2)-ZZ;~;Y+‘(l, 2,4,3)) 
+ {ZZ;$;‘+‘(2,4,8,6) - ZZ~~~;y+‘( 1,2,4,3)} + {ZZ;$‘+‘(l, 2,493) - ZZ;;~;Y+‘(3, 7, 834)) 
+ {zz~~~;‘+‘(l, 2 4,3) - zz;;;;‘“(l, 3,7,5)} + {ZZ;;;‘+‘(5,6,8,7) - ZZ$+‘(l, 5,692)) 
+ ZZ;;~~+‘(~, 6,8,7) - ZZ;;by+‘(2, 4,8,6)} + {ZZ;;;y+‘(3,7,8,4) - ZZ;i;yi1(5, 6,8,7)) 
+ {ZZ;$‘+‘(l, 3,7,5) - “;~$~+‘(5,6, 8,7)} + {ZZ$;‘+‘(3,7,8,4) - ZZ$;‘+‘(l> 3379 5)) 
+ {ZZ~~~;‘+‘(l, 3,7,5) - zz;<;;‘+‘( 1,5,6,2)} + {ZZ;&‘+‘(2,4, 896) - ZZ;&‘+‘(3,7, 874)) 
+ {Zz;&’ + ’ (1,5,6,2) - II;;;;’ + ‘(274, 8, WI (134) 
PROOF. Using Theorem 5, we can write 
zzz 
def 
a.P.v = 
Hl2.3 ,.... 8 
xaypzy dx dy dz 
12.3 ,..., 8 
Using Lemma 1, we can write 
ZZz$,::’ = ZZ$y+‘(i, j, k, 1) + ZZ$;T+‘(i, j, k, I) + ZZ$T+‘(i, j, k, 1) + ZZ:$‘y+‘(i, j, k, I) 1 . 
Also, we note the equivalence of integrals over the oriented triangles Tz0,4 and TxO,p as 
(136) 
ZZ$:+‘(i, j, k, 1) = . . ~~y~.z~+~(x, y, i, j, k, I) dx dy 
=-- 
If 
xaypzy+'(x, y, i, j, k, 1) dr dy 
T& 
in which p, q E (i, j, k, I). 
(137) 
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Using the result of Eqs. (136) and (137) in Eq. (135) and rearranging the terms, we obtain the result of Eq. 
(134). This completes the proof of Theorem 6. 0 
In Theorem 6, we have used the notation 
in which i, k E (p, q, r, s) and z(x, y, p, q, r, s) is the equation of the plane spanning points ((x,, y,, z,), 
a = p, q, r, s) which includes (x,, y,, zi) and (x,, y,, z,). Hence, without loss of meanings and concepts involved 
in Theorem 6, for the sake of uniformity we define 
JJe.f.,+’ 
T” !..ri,r (r, s, r, s)ZfZI$T+‘(p, q, r, s) - IZ$;,r+‘(p, q, r, s) (138) 
in which p = p’ = i, q = q’ = k and certainly noted in previous sections the plane spanned by ((x,, y,, z,,), 
a = p, q, r, s) and ((x,, y,, z,), b = p’, q’, r’, s’) are different. Alternatively, Eq. (138) can be written as 
JJa.hr+’ 
rr’ k.0.i (r, s, r’, s’) = ZI$;‘+‘(i, k, r, s) - ZZF$i+‘(i, k, r’, s’) 
ZZ 
il 
xayP{zY+‘(x,y,i,k.r,s)-zZYf’(x,y,i,k,r’,s’)}dxdy TX’ k.o,r 
Using Eqs. (138) and ( 139), we can rewrite Eq. ( 134) as 
(139) 
III, 
%P.Y = f&1,46,7) 
1.2.7.. .,x 
JJ;$;:+‘(5,6,3,4) + JJ;,“;;;:+‘(6,8, 1,3) + JJ$;:+‘(l, 2,7.8) 
(y+l) 
+ JJ$!:+‘(2,4,5,7) + JJ;$;:+‘(7,8, 1,2) + JJ$;,;+‘(5,7,2,4) + JJ;$;;+‘(3,4,5,6) 
+ JJ;$+‘(l, 3,6,8) + JJ$:+‘(4,8, 1,5) + JJ;$+‘(3,7,2,6) + JJ$f+‘(2,6,3,7) 
+ JJ;$;;+‘( 1,5,4,8) (140) 
5.2. In the previous section 5.1, viz. Eq. (139), we have defined 
JJ%hy+ 
%, (r, s, r’, r’)~fZZ$;yr’(i, k, r, s) - ZIF$‘“(i, k, r’, s’) 
= 
II 
x”yp{zy+‘(x, y, i, k, r, s) - z’+‘(x, y, i, k, r’, s’)} dx dy (141) 
TX 
where z(x, y, i, S, N, (6, a) E {(r, s), ( r’, s’)} are equations of planes spanning points ((x,. y,, z,), a = i, k, S, (T). 
Hence, we can write 
z(x, y, i, k, r, s) = h + Lx + My 
z(x,y,i,k,r’,S’)=h’+L’x+M’y 
(142) 
which further satisfy the relations 
Z(Xi, yi, i, k, r, S) = z(x;, Yi. i, k, r’, s’) = Z; 
ZG,, Yk> i, k, r, s> = z(x,, yk, i, k, I’, s’) = Zk 
z(x,, Y,, i, k, r, J> = z, 
z(x,, Y ,, , i, k, r, s> = z,~ 
z(x,,, Y,,, i, k, r’, s’) = z,, 
z(x,~, Y,~,, i, k, r’, s’) = z,, 
~(0, 0, i, k, r, s) = h = z? (say) 
~(0, 0, i, k, r’, s’) = h = z:‘~“~ (say) . 
t 143) 
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LEMMA 4. Let Tzi be an oriented triangle in the xy-plane with vertices at (xi, yi), (0,O) and C-Q, ok) then the 
structure product: 
JJ$~;“‘(T, s, r’, s’)~&~ {Z$;‘+‘(i, k, r, s) - ZZ$;“‘(r, s, r’, s’)) 
n+p+y+1 
= (A;Y,i) C C F,Jcu - n,, n,)G,,i(P - n2, n,)Hz,f”‘(y + 1 - n3, n,) 
n=O n,+n2+t13=n 
(144) 
where 
F,,,(a -n,, n,) = (y 
0 n1 
x~-“‘x~~ 
P 
G,,,(p - n2, n2) = n, 
0 
xf-“‘x~~ 
H;‘f’“‘(y + 1 - n3, n3) = HEi(y + 1 - n3, n3) - H[lz(y + 1 - n3, n3) 
(145) 
IAd _ ifz, -0 
0 
np, (Zk _ $fik)p-n 
(a+P+p+2) 
z;; , if zzwk # 0 
(ApI E b-s), (r’s’)1 
and 
c 24:; i.+k AEj = ((y+p+ y+3) ’ ifz0 =’ 
L2AEi 5 if zrPk # 0 
(146) 
PROOF. Let us consider the integral 
ZZ:$““(i, k, A, p) zf xnyPzY+‘(x, y, i, k, A, p) dx dy 
(A,~)E(tr,s),tr’,s’)), t=r,r’ (147) 
where T;Ti is a triangle in xy-plane which is obtained by collapsing one of the side of the quadrilaterals Q;Tsi or 
QzSSSi, .e. a triangle obtained by letting (x, =x5, y, = y,) or (x,, = xS,, y,, = y,.) clearly the triangle so obtained 
has vertices at ((x,, y,), a = k, t, i), t = r, r’. The parametric equation of the oriented triangle Tf~i (t = r, r’) are 
given by 
x = Xk + xtku + xi/p 
Y = Yk + YtkU + Y,kU 
z(x, y, i, k, h, ,-b) = wk + w,ku + WikU 
osu, USl, ufrJG1 
‘%I, = x, - XL ) 
xik = xi - xk, etc. 
(148) 
Using Eqs. (148), we can map the oriented triangles TE; in the xy-plane to unit triangle in the uu-plane. 
We have for the area element 
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a(4 Y) 
dxdy=p a(u 
, 
v) d” dv = ‘!kYik - XikYrk 
= (2Azi) du du 
= (2 X area of triangle Tzi ) du du (t = r, r’ ) (149) 
Using Eqs. (147)-( 149) we obtain 
JJn.hy+l 
TX’ 
kr.r’r 
(r, s, r), sr)~fzg’+‘(i, k, r, s) -zz~~;y+‘(i, k, r’. 3’) 
= (242,) I,’ I,‘_” [xk + x&u + XikU]LI[yk + yrku + y&$.k + z,u + z;ku]‘+ ’ du dv 
1 I-u 
- (242,;) 
II 0 0 
Ixk +x,*ku +xikuI”[yk +Y,,ku +yikrJIP 
X [z, + z,rku + z+~Y]~+ du du (W 
We also note from Eq. (142) that 
Z(X, y, i, k, r, S) = h f Lx $- My = z& ’ ZrkU f ziku 
z(x, y, i, k, r’, s’) = h’ + L’X + bf’y = zk + ZrkU + Z;$ 
(151) 
Let us further use the transformation 
u=l-5, u = 577 (152) 
Using Eq. (152) into Eq. (150) gives 
1 1 
JJ;;;,; + ’ = ( 2A;fi) 
II 
~~~~~~~~~~~~S~IuEY~~Y~~~~Y~~~:rIIP~~~f~~~~~~~~~~IYi-1~dSd?7 
0 
I 1 
- ,,A;:..; \ 1 ix,’ + Xkr’ 6 + Xjk &I “IY,, + yk,’ ‘$ + yik &I’ 
0 0 
XI&f +Z,,,~+Zj,~77I’+‘~d~d-I 
We have from Eqs. (143) and (151) 
~(0, 0, i, k, r, s) = h = .zrk 
~(0, 0, i, k, r’, s’) = h’ = z:““~ 
Choosing x, = 0, y, = 0, we obtain z, = zfJsk 
x,, = 0, y,, = 0 We obtain z,, = z:“‘~ 
Let us recall from Eqs. (138) and (139) that 
(153) 
(154) 
(155) 
IZ$;‘“(i, k, A, ,u) = ~~y~z~+~(x, y, 6 k A, CL) dx dy (4 PU> E 6-7 ~1, V, $7 
and 
JJ$‘+‘(r, s, r’, s’) = ZZ;$;“‘(i, k, r, s) - ZZ$“‘(i, k, r’, d) 
Using Eqs. (154)-(156) in Eq. (153) and (156), we obtain 
JJ”‘P’Y + 1 
% 
(r, s, r’, s’) = zzg + 1 (i,k,r,s)-ZZ;ti;Y+l(i,k,r’,s’) 
= (24;:;) I,’ I,’ ~p+P+y+2(~k  ~~~q)“(~~~~)~{[z.~~ + &z, - Fk + z;kq>~y+’ 
- [ZYk + ((2, - Zyk +zjk77)lY+1~d~dq 
(156) 
(157) 
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Let us now define 
X(V) = ($ + Xi&” 
Y(V) = Yk + Yikv)’ 
r(z, + Zik77)‘+’ 
iApk _ 
if z, - 0 
(a+P+p+V 
[(z, - zypk) + z,,~]~ , if ~f,*‘~ # 0 
A *Y km 
Use of Eq. (158) into Eq. (157) gives us 
(A/L) E {(rs), (r’s’)} 
I 
I 
JJ$;‘“(r, s, r’, s’) = (Aiii) Wq>Y(q)&diApk - Z(V)‘*~~) drl 
0 
Letting f(q) = X(V)Y(~){Z(#~ - Z(r])‘A”k} and using Taylor’s series expansion, we can write 
(159) 
(160) 
where 
fio4’ = ( -$ [x(q)Y(q){z(q)i'"k - Z(q)i”s’k 4 r)=o (161) 
We now have, using generalized form Leibnitz’s theorem for Eq. (160), obtained the expression: 
(162) 
Now, from Eq. (158), we obtain 
(Y 
= q2 Yi 
0 
P-42 Y,d!f (P-92.92) 
Yik - Gkoi 
l!? 
‘I=O EffH;;(y + 1 - q3, q3) 
= 
if z, 
irlk = 
0 
(cu+P+P+2) 
(u9)~ ,_ ihlrk P-9~~z?~ 
z, ?J 1 rk ’ 
ifZ~k#O 
ff;;“d:‘“‘(y + 1 - q3, q3)%fH;i(y + 1 - q3r 43) - fJ;k:ly + 1 - 43> q3) 
Thus, from Eqs. (157)_( 159), (163) and (164), we obtain the desired result stated in the lemma. 
(163) 
(164) 
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5. Conclusions 
The theorems and lemmas which we have presented in this paper are interesting for various reasons. We have 
expressed the integral of spatial expression x*y’(h + LX + My)‘+’ ((u, p, y positive integer including zero) into 
line integrals, not via the use of Green’s theorem for plane which was normally done in all previous works 
[7,8,10], but by means of a simple transformation which joins the end points of boundary line segments to the 
origin of the xy-plane. This transforms the area integral over linear plane polygon to a sum of area integrals over 
triangles joining the origin and the end points of line segments. It is shown that the area integrals over the 
triangle joining the origin and the end points of line segments are in fact reducible to simple line integrals. These 
line integrals so obtained have a product of three linear functions as their integral, viz. 
(q + X;$)YY, + Yjk~)%, + Z,kd Y+l 
or 
1 
Y+l 
Y+’ ( > Yfl-_p C zo Cxk + xjks)a(Yk + YinsIP p=. (a +“P + p + 2) (Zk - zo + GA I 
We have further used the technique developed in our earlier works [ 10,l l] to obtain finite integration formulas 
for the line integral having the above integrand. We have also developed finite integration formulas for area 
integrals over linear arbitrary quadrilaterals and triangles by use of isoparametric coordinate transformation of 
finite element origin [ 12,131. We have demonstrated these derivations and the numerical scheme proposed in 
Theorems 1-5 to evaluate the volume integral of monomial xLlypzy over a linear arbitrary hexahedron. We have 
further developed a finite integration formula for the volume integral of monomial xayPzY over an arbitrary 
linear hexahedron which is further expressed in terms of twelve area integrals (with two end points of line 
segment and the origin of xv-plane as comer points of these triangles) over the triangles. It can be easily verified 
that these proposed algorithms are much simpler and economical in terms of arithmetic operations. 
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